The temporal measurement order and therefore the originator of the instantaneous collapse of the wavefunction of a spatiality entangled particle pair can change depending on the reference frame of an observer. This can lead to a paradox in which its seems that both measurements collapsed the wavefunction before the other. We resolve this paradox by demonstrating how attempting to determine the order of measurement of the entangled pair introduces uncertainty which makes the measurement order impossible to know.
I. INTRODUCTION
The quantum mechanical instantaneous collapse of the wavefunction of distantly separated entangled particles has been a thorn in the side of relativity ever since its inception. We of course know that causality is safe and no information can travel faster then the speed of light but the instantaneous and irreversible nature of wavefunction collapse can still lead to problems with relativity and quantum mechanics even though they are separately and together extremely well proven theories. In particular it leads to a paradox, first found and proposed by Suarez and Scarani [1] , in which two observers disagree about who collapsed the wavefunction of an entangled particle pair first.
Two particles are entangled if properties of the particles are correlated but indeterminate until a measurement is made. Until that measurement is made the entangled particles share one quantum state, one inseparable wavefunction. When a measurement is made on one of the entangled pair the wavefunction describing the entangled state collapses instantaneously and irreversibly into definite and separate correlated states. For a pair of spatially entangled particles the collapse occurs for both photons instantaneously across the entire distance between them. If projective measurements, which cause the collapse, are performed on both particles it is reasonable to ask which measurement was responsible for the collapse of the wavefunction and expect a definite answer. However, according to relativity the timing of those measurements are relative to the reference frame of the observer. The observers can disagree on which measurement collapsed the wavefunction and, of interest here, both observers can think that their measurements were the cause of the collapse. This disagreement is the basis of the aforementioned paradox.
This paradox has led to many experiments [2] [3] [4] [5] and while they produce results consistent with both relativity and quantum mechanics they do not directly address the question of which measurement was responsible for the collapse of the wavefunction. We will resolve this issue and use the results to speculate on the meaning of simultaneity within quantum mechanics. To do so we first devise a thought experiment in section III that tests the measurement order of an entangled pair with detectors and observers that disagree about their measurement order. We show in section IV that the experiment constrains the system in such a way that an uncertainty is induced into the system. We use this constraint to construct the initial wavefunction in section V and in section VI we observe how the wave function transforms when a projective measurement is made by the moving observer. In section VII we find that the uncertainty inherent in the experiment makes the question of who measured first unanswerable and thus resolves the paradox. First we will review the paradox in more detail.
II. THE PARADOX
As shown in Fig. (1) , two measuring devices that detect the time of arrival of a time-energy entangled biphoton [6] are separated by a distance 2d. One detector is further from the source and thus there is a time difct ct ference between the measurement events ∆t. Under a Lorentz transform this difference transforms as
where β = v/c and γ = 1/ 1 − β 2 . If the situation occurs in which
then ∆t becomes negative and the time ordering of the measurements reverse. Alice, an observer in the lab frame, and Bob, and observer in the frame in which Eq. (2) is true, will disagree about which measurement was responsible for the collapse of the wavefunction and we will now refer to them as being in a state of paradox. We need to be careful here about the difference between an observer in the context of relativity and a measurement in context of quantum mechanics. In relativity an observer does not necessarily need to be the one making measurement. This disconnect between observer and measurement is incompatible with quantum mechanics in which an observation is equivalent to a measurement. To be consistent between the theories we must insist that all observers are measuring observers. We will say that Alice performs a measurement on one half of the biphoton in the lab frame and Bob performs the measurement on the other half of the biphoton in the moving frame. We will next devise a thought experiment that attempts to determine the temporal order of these two measurements when the two measuring observers, Alice and Bob, are in a state of paradox.
III. THE THOUGHT EXPERIMENT
The thought experiment is represented in the spacetime diagrams in Figs. (2 -5) . Bob is in motion relative to Alice with a velocity β. At (x B0 , t B0 ) = (x B0 , t B0 ) = (0, 0) Bob passes a source of time-energy entangled photons and Alice is at (x A0 , t A0 ) = (−d, 0). At some later time t e the source emits a biphoton. Alice measures her photon at (x A , t A ) = (−d, t e + d/c) and Bob measures his photon at (x B , t B ) = (β c t B , t B ). It is assumed that Alice sends Bob a signal when her detector triggers and Bob can use it to determine Alice's measurement time and determine the difference in time ∆t, which has a Lorentz transform of
As in Eq. (1) if the velocity, β, or the distance, d, between Alice and Bob gets large enough the temporal order perceived by Bob from Eq. (4) changes. Therefore, for the experiment to be in the state of paradox β or d must be sufficiently large. So far this experiment does not guarantee that the observers will be in a state of paradox. To do that we must add a constraint to the emission time of the biphoton.
IV. THE EMISSION TIME CONSTRAINT
It is necessary to realize that to test the situation in which the paradox occurs we must require that the emission time of the biphoton to be constrained to a time period, ∆t e , during which it is possible for the paradox to exist. If they are emitted outside this region like in Figs. (3) and (5), there can be no result since both observers will agree on the time ordering and hence no paradox. The emission time constraint can be derived with some simple algebra. For Bob to be in a position to make a measurement after Alice in Alice's frame, he must at least be equidistant from the source, which puts Alice and Bob's minimum position and time at
When Bob leaves the maximum time in which Alice believes she measured first we can make a line from Alice to Bob that has the slope of Bob's velocity
When we set this equal to the line describing the photons path t Bmax = t emax + x Bmax /c, we can get Alice and Bob's maximum position and time
To get the constraint on the emission time ∆t e we take Bob's measurement times and subtract the amount of time it took the photon to get to Bob.
Therefore, the time constraint ∆t e is ∆t e = t emax − t emin = 2d c .
Simply posing the thought experiment in such a way that the paradox is ensured adds this time constraint to the emission time of the biphoton. The experimental configuration gives us information about the entangled
Bob is stationary. At some time te after Bob passes the biphoton source, a biphoton is emitted. In both Alice and Bob's frame, Bob detects a photon after Alice. pair and any knowledge about the biphoton is considered a measurement on the biphoton. We will show that this will lead to an uncertainty which balances the time difference induced by the Lorentz transform in Eq. (4).
V. THE INITIAL WAVEFUNCTION
The paradox being discussed here hinges on the ability to measure the arrival time of a photon. This can be problematic as there is no actual time operator and therefore no eigenstates of time of which to construct the wavefunction. If, however, we deal only with photons we can follow Shalm et al. [7] and relate the time and energy operators and eigenstates to those of position and momentum which are well defined. Photons are massless and travel at the speed of light and therefore measuring the arrival time is equivalent to a measurement of its position x(t = x/c) and measuring its energy is equivalent to a measurement of its momentum p(hω = cp). We can also therefore relate the eigenstates |t = 1 c |x and |E = c|p and derive the relationships E|t = e iEt , t|E = e −iEt , t 1 |t 2 = δ(t 1 − t 2 ) and E 1 |E 2 = δ(E 1 − E 2 ). We can now construct the initial wavefunction by starting with the following Einstein, Podolsky, Rosen (EPR) [8] states in the energy-time representation
where we are now using natural units with c =h = 1. The time constraint from Eq. (13) when applied to Eq. (19) will yield the constrained initial wavefunction
where the constraining function Π(t A ) is
The wavefunction in the energy representation is
This wavefunction, with an obvious energy uncertainty, would not usually make a difference to a arrival time measurement since if Alice and Bob were in the same reference frame the energy component of the wave function would not be measured and the arrival time uncertainty would be zero. This is not the case when we take into account Bob's measurement made from a moving frame.
VI. THE WAVEFUNCTION TAKING INTO ACCOUNT BOB'S MEASUREMENT
The laws of physics are of course the same in all reference frames, but this does not mean that measurements made from different reference frames will yield the same results. This is obvious if we consider the simple case of the Doppler shift. In this thought experiment Alice and Bob are in difference frames, with relativistically scaled clocks and rulers, and so the effects and results of their respective projective measurements will be different and must be taken into account.
In Bob's reference frame he uses his clock to make a projective measurement of the arrival time of the biphoton. Assume that the projection has a vanishingly small uncertainty of δt B which can be interpreted as the time it takes for Bob's measurement to be made. Alice observes Bob's clock ticking slower than her own and therefore the amount of time that passes in Alice's reference during time in which Bob's measurement takes place is
As Bob approaches the speed of light it looks to Alice as if the time it takes for Bob to make his measurement increases to infinity. While Bob projects his half of the wavefunction to a function with a small uncertainty in his reference frame the projection when observed from Alice's moving frame looks to have a larger uncertainty given by Eq. (28).
If Bob is at rest relative to Alice his measurement would, unsurprisingly, project his half of the wavefunction into a time eigenstate and the wavefunction would be
However, as Bob's velocity reaches the speed of light he projects his part of the wavefunction onto a state which, according to Eq. (28), has an infinite time uncertainty, or in other words an energy eigenstate, and the wavefunction would be
We can construct a superposition of these two states which will describe the wavefunction for all the intermediate values for Bob's velocity
We can deduce A by considering the wavefunction in Bob's reference frame. We know that in Bob's frame he is in an eigenstate of time so
and therefore A = 1/γ 2 = 1 − β 2 and consequently B = β 2 . The wavefucntion after Bob's measurement is therefore
VII. THE UNCERTAIN PARADOX
After a projective measurement into Bob's reference frame Alice's time uncertainty, σ t , of the wavefunction given by Eq. (43), is
We can check the asymptotic behavior and see that as β → 1 the time uncertainty vanishes and as β → 1 the time uncertainty becomes the original time constraint, 
The time difference with a positive uncertainty, Eq. (47), always has a positive value. The temporal order of the measurements in Bob's reference frame need never flip.
VIII. CONCLUSIONS
The uncertainty in time always outruns the time difference induced by the change in reference frames. Neither Alice nor Bob will ever, with certainty, observe the two measurements swap temporal order. Of course it is completely possible that when Alice and Bob measure one entangled pair they both get results which are consistent with them both measuring first. It will only be after many runs of the experiment that the uncertainty becomes evident. In the experiment proposed above Bob would have to start from the source for each trial and only after many trials will the measurement order, or lack thereof, manifest.
It may now be said that if a time measurement performed an entangled biphoton is simultaneous in one shared reference frame then it can be considered simultaneous to all measuring observers who do not share a reference frame. If one were to attempt to determine if the temporal order swaps then an uncertainty will be introduced to make it impossible to determine. Therefore, there need not be any preferred reference frame for wave function collapse. The attempt to determine what reference frame the wave function collapse takes place in would lead to an uncertainty that would make it impossible to determine. That is not to say that all measurements on entangled particles are simultaneous. There are many situations in which one can determine the order of measurement, but if it can be determined in one shared reference frame then it will be the same or indeterminate in all other reference frames.
